We show that the Extended Bargmann and Newton-Hooke algebras in 2+1 dimensions can be obtained as expansions of the Nappi-Witten algebra. The result can be generalized to obtain two infinite families of non-relativistic symmetries, which include the Maxwellian Exotic Bargmann symmetry, its generalized Newton-Hooke counterpart, and its Hietarinta dual. In each case, the invariant bilinear form on the Nappi-Witten algebra leads to the invariant tensor on the expanded algebra, allowing one to construct the corresponding Chern-Simons gravity theory.
Introduction
Non-relativistic (NR) gravity theories have received considerable attention in the last years due to their relation with non-AdS extensions of holography [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] , which play an important role in the description of strongly coupled condensed matter systems [11] [12] [13] [14] [15] [16] [17] [18] .
In the NR limit, the gravitational interaction is described in a space-covariant way in terms of Newton-Cartan geometry [19, 20] . Such gravity theory is obtained by gauging the Bargmann algebra [21] . In 2+1 dimensions, Newton-Cartan gravity can be formulated as a Chern-Simons theory invariant under the Bargmann algebra [22] . This can be generalized to the case of the Newton-Hooke and Schrödinger symmetries, whose gravity theories lead to different generalization of Horava-Lifshitz gravity in 2+1 dimensions [23] . Moreover, the Bargmann-invariant Chern-Simons theory can be non-centrally extended to include a covariantly constant background field [24] , leading to Maxwellian Exotic Bargmann gravity.
Lie algebra expansion methods [25] [26] [27] [28] provide a powerful tool to analyze the relation between different symmetries and the physical systems that are invariant under them. Recently, it was shown that NR symmetries can be obtained by expanding the Poincaré algebra, and that gravitational theories invariant under these algebras can be constructed as expansion of the Einstein-Hilbert action [29] . Along the same lines, three-dimensional Bargmann supergravity has been found by expanding a Chern-Simons action invariant under the super Poincaré algebra [30] . In [31] , the expansion of Galilean symmetries was carried out, leading to NR limits of the generalized Poincaré and generalized AdS symmetries [32, 33] . Remarkably, expanded Galilean algebras in 3+1 dimensions allow one to recover the MOND model proposed by Bekenstein and Milgrom in [34] as an alternative dark matter [35] .
In this article, we show that NR symmetries in 2+1 dimensions can be obtained as expansions of the universal central extension of the two-dimensional Euclidean algebra, also known as the Nappi-Witten algebra [36] . In doing this, we will recover several symmetries known in the literature such as the Extended Bargmann, Extended Newton-Hooke, Carroll, and Maxwellian Exotic Bargmann algebras. The expanded Chern-Simons actions in these cases lead to the non-relatvistic gravity theories gravity studied in [23, 24, 37] . Furthermore, this procedure allows one to obtain novel symmetries such as the NR limit of the semi-simple extension of the Poincaré algebra in 2+1 dimensions [38, 39] , the NR limit of the bosonic Hietarinta algebra, and NR versions of the generalized Poincaré and generalized AdS symmetries introduced in [32, 33] .
Moreover, we will use the fact that Nappi-Witten algebra is a doubled extension 1 of the two-dimensional translation algebra [41] to define in an analogue way the double extension the translation algebra on Minkowski space [42, 43] . We will show that the expansion method can be used on algebra to obtain generalizations of the pseudo-Bargmann and pseudo-NewtonHooke symmetries discussed in [44] .
The paper is organized as follows: In Section 2 we show how the Nappi-Witten algebra can be expanded using the method based on Abelian semigroups [27] . In section 3 we construct the generalized Bargmann algebras as a particular case of expanded Nappi-Witten algebras. In section 4 an analogue procedure is followed to construct generalized Newton-Hooke symmetries, which lead to the generalized Bargmann case upon contraction. In section 5 we show how to construct Carroll gravity by means of a non-standard semigroup. In section 6 we introduce pseudo-Bargmann and pseudo-Newton-Hooke symmetries by expanding a central extension of the Poincaré algebra in 1+1 dimensions. We conclude in Section 7 giving a summary of our results, discuss its implications and comment on possible future directions.
Note added: while this article was in preparation, it came to our knowledge a new manuscript by P. Concha and E. Rodríguez, which presents some overlap with particular cases of our results [45] .
Expansions of the Nappi-Witten algebra
The Nappi-Wittten algebra nw is given by the four dimensional Heisenberg algebra
and it is isomorphic to the universal central extension of the Euclidean algebra in two-dimensions [46] . In fact, by making the redefinitions
The commutation relations (2.1) are brought to the form [36] [t,
where now t is interpreted as the generator of rotations, t a = {t 1 , t 2 } stands for the generators of translations on the plane, and τ is a central term. As the Nappi-Witten algebra is not semi-simple, its Killing form is degenerate. However, it admits the following non-degenerate invariant bilinear form
In the following, it will be of use to consider the Chern-Simons form 5) which can be constructed out of the invariant form (2.4) and a nw-valued connection one-form
Putting all together the Chern-Simons form can be written as
where R a is the one form curvature associated to the gauge field θ a , and reads
Expanding nw
Let S = {λ 0 , λ 1 , . . . , λ N } be a finite Abelian semigroup endowed with an associative product of the form
where ⋄ characterizes the semigroup product law. Then, following [27] , the direct product of this semigroup with the nw algebra (2.3),
is also a Lie algebra, and defines an expansion of nw by S. The generators of the expanded algebra can be explicitly written as 11) and satisfy the commutation relations
Using (2.4), an non-degenerate invariant bilinear form of the expanded algebra can be read off from the semigroup product law (2.9). This yields
where µ i⋄j and ν i⋄j are two sets arbitrary constants.
Expanded Chern-Simons form
The expansion method can be used to define an expanded Chern-Simons form. This can be done by defining a connection on S × nw, 14) and using the invariant tensor (2.13). Equation (2.5) then leads to
where we have defined the curvatures associated to the θ a (i) gauge fields as
In the following, we will consider particular semigroups to Expand the Nappi-Witten symmetry, which will lead to different NR symmetries in 2+1 dimensions.
Generalized Bargmann symmetries
Let us consider the following expansion of the Nappi-Witten algebra
where the semigroup S (n) E = {λ 0 , λ 1 , . . . , λ n+1 } has a multiplication rule (2.9) given by
The element λ n+1 is the "zero" of the semigroup in the sense that λ i · λ n+1 = λ n+1 for any
E . The construction of the expanded algebra in this case follows directly from equation (2.12) . It is important to remark that, as explained in [27] , the fact that the semigroup S (n) E has a zero element requires to implement the reduction procedure and set
together with the condition
in the expression (2.13) for the invariant tensor of the expanded algebra. As we will see in the following, these expanded symmetries are of Bargmann type. Therefore, we will refer to them as Generalized Bargmann algebras.
Extended Bargmann algebra
Now we will show that extended Bargmann algebra in 2+1 dimensions is the expanded nw algebra (3.1) for n = 1. In order to see this, let us denote the expanded generators (2.11) by
The expanded algebra (2.12) then takes the form
while the Lagrangian for Extended Bargmann gravity in 2+1 dimensions follows from the Chern-Simons form (2.15). In fact, relabeling the expanded gauge fields (2.14) in the form
the expanded Chern-Simons Lagrangian takes the form 2 [23] ,
where the curvatures are given by
Maxwellian Exotic Bargmann algebra
Let us consider now the expanded algebra (3.1) for n = 2. In this case, we supplement equations (3.5) and (3.19) with
The semigroup product rule (3.2) leads to an expanded algebra, whose commutation relations are given by the ones in equation (3.6) plus
This corresponds to the Maxwellian Exotic Bargmann algebra introduced in [24] as a novel NR limit of the Maxwell symmetry in 2+1 dimensions. The invariant tensor can be directly obtained by means of (2.13), which leads to equation (3.7) plus
14)
The expanded Chern-Simons form yields the Lagrangian for Maxwellian Exotic Bargmann gravity 3 [24] 
Non-relativistic Hietarinta algebra in 2+1 dimensions
The expansion of the Nappi-Witten algebra by S
E can lead to another interesting NR symmetry in 2+1 dimensions. This is given by the following choice of expanded generators
The expanded Nappi-Witten algebra (2.12) in this case takes the form 18) which corresponds to a NR version of the bosonic Hietarinta algebra in 2+1 dimensions [48] . Unlike the Maxwell case, identifying translations in the way (3.17) leads to Abelian translations. Therefore, even though this algebra can be brought to the Maxwellian exotic Bargmann algebra given in (3.6) and (3.13) by a redefinition of the generators, they are physically different. The Chern-Simons Lagrangian invariant under (3.18) defines a non-relativistic limit of the Hietarinta Chern-Simons gravity studied in [49, 50] , pretty much in the same way as the Chern-Simons form (3.15) describes a NR limit of Maxwell gravity 4 [24] . The expanded invariant tensor (2.13) can be read off from (3.14) by interchanging P a ↔ Z a , H ↔ Z, M ↔ T , and the Chern-Simons form (2.15) is constructed using
where R
This theory can be obtained by means of an Inönü-Wigner contraction of the relativistic Hietarinta symmetry studied in [49, 50] by incorporating three u(1) gauge fields, in the same way as it happens in the Maxwell case [24] .
Generalized Newton-Hooke symmetries
In this section we define a different kind of expanded Nappi-Witten algebras, which we will refered to as Generalized Newton-Hooke algebras. They are are given expansions of the form
where
. . , λ n denotes a semigroup with product (2.9) given by
This type of algebras have the particular characteristic that, upon rescaling the Lie algebra generators, the gauge fields and the invariant tensor constants in the form
an Inönü-Wigner contraction [52] leads to the Generalized Bargman algebras S (n) E × nw presented in Section 3.
Extended Newton-Hooke algebra
Let us consider now the expanded algebra (4.1) for n = 1, i.e. the direct product of the NappiWitten algebra and the semigroup S (1) M ⋍ Z 2 . Using the prescription (4.3) and labeling the expanded generators in the form (3.5), we we find the extended Newton-Hooke algebra [23] , given by the commutation realtions (3.6) plus
Similarly, applying (4.3) to the definition of the invariant tensor (2.13) yields (3.7) plus
The corresponding Chern-Simons form (2.15) can be put in a familiar form by first applying (4.3) and then (3.19) . This gives
where L EB is given by (3.9) and we have also used (3.10). This Lagrangian reduces to (3.9) in the limit ℓ → ∞, as expected. As explained in [44, 53, 54] , the Newton-Hooke algebra is isomorphic to a direct product of two copies of the NappiWitten algebra. This can be easily seen by defining the following combination of generators
which satisfy the commutation relations (2.3).
Newton-Hooke ⊕ nw
In the n = 2 case, the expanded Nappi-Witten algebra (4.1) corresponds to a NR version of the semi-simple extension of the Poincaré symmetry [39, 55] in 2+1 dimensions, which is usually refered to AdS-Lorentz algebra as it defines a deformation of the Maxwell symmetry isomorphic to so(2, 2) ⊕ so(2, 1) [38] . It follows from (2.12), using the notation introduced in (6.13) together with As in the previous case, we first implement (4.3) and subsequently label the expanded generators in the form (3.5) and (3.11) . This leads the commutation relations (3.6), (3.13) and
This novel non-relativistic algebra reduces to the Maxwellian Exotic Bargmann symmetry [24] for ℓ → ∞. In the same way as the AdS-Lorentz symmetry in 2+1 dimensions is isomorphic to so(2, 2) ⊕ so(2, 1), the algebra (4.8) is isomorphic to the semi-direct sum of the Extended Newton-Hooke algebra and the Nappi-Witten algebra. In order to see this, one can apply the same kind of redefinition for the generators that is used in the relativistic case (see, for instance, [56] ) and defineḠ
These generators satisfy the Extended Newton-Hooke algebra (4.4), while the combinations
commute with (4.9) and form a Nappi-Witten subalgebra of the form (2.3). Furthermore, if one applies the change of basis (4.7) to the generators (4.9), one can express (4.8) as three copies of the Nappi-Witten algebra. This is in complete analogy with the fact that, in 2+1 dimensions, the AdS Lorentz algebra can be written as three copies of the so(2, 1) algebra [56] . The invariant tensor (2.13) in this case takes the form
(4.11) and the expanded Chern-Simons form (2.15) can be written as a gravity theory by applying the prescription (4.3) followed by (3.19) and (3.12):
where L MEB is given by (3.15) and for simplicity we have expressed the Lagrangian in terms of the curvatures (3.10) and (3.16) obtained in the Maxwellian Exotic Bargmann case. Naturally, in the limit ℓ −→ ∞ this Lagrangian reduces to the one for Maxwellian Exotic Bargmann gravity (3.15).
Carroll algebra
The Carroll symmetry corresponds to the ultrarelativistic limit of the Poincaré algebra [19, 20] (for a geometric description see [57] ). In this section, we show how to obtain the Carroll algebra as an expanded Nappi-Witten algebra. In order to do this we will consider a rather unusual semigroupS (3) , whose multiplication rule is given by
E in that now λ 1 · λ 1 = λ 4 . Also, in this case, the expansion mechanism requires to apply the resonant reduction prescription introduced in [27] with the following subspace decomposition of the Nappi-Witten algebra
which can be shown to be resonant with the following decomposition ofS (3) :
The generators of the algebraS (3) × nw will be denoted by
which automatically leads to the Carroll algebra [58, 59] :
Using (2.13) and (2.15), the invariant tensor for the Carroll algebra is found to be 6) and the corresponding Chern-Simons Lagrangian defines Carroll gravity in 2+1 dimensions
Carollian gravity was first studied in [60] in the metric formulation. In [61] the Chern-Simons formulation was considered for ν 0 = 0. The action (5.3) can be obtained as a contraction of the (A)dS-Carrol symmetry [37, 62] .
Pseudo-Newton-Hooke algebra
The Nappi-Witten algebra can be defined as particular case of a double extended algebra. The way to see this is the following: Given two Abelian Lie algebras g 1 = Span{X a }, and g 2 = Span{Y α }, the double extended algebra
where Y * α denotes the basis of the dual Lie algebra g * 2 with respect to the pairing 2) and the constants f j αi that define the action of g 2 on g 1 must satisfy the anti-symmetry condition f
where g ab is a metric on g 1
An invariant form on the double extended algebra D(g 1 , g 2 ) can be constructed out of (6.2) and (6.4), together with a metric
Based on the previous discussion, it is straightforward to see that the Nappi-Witten algebra (2.3) is the Double extended algebra
where R 2 is the two-dimensional translation algebra endowed with the Euclidean metric
Denoting the u(1) generator and its dual by , which clearly satisfies (6.3). The interesting point here is that one can alternatively consider g 1 = R 1,1 as the twodimensional translation algebra endowed with the Minkowski metric 8) and define the pseudo-Nappi-Witten algebrã
In this case, the commutation relations take the same form as (2.3), and the conditions (6.3) are automatically fulfilled provided indices are now lowered with the two-dimensional Minkowski metric. The invariant form (2.4), however, has to be replaced by
As we did in Section 2.1, we can define expansions of theñw algebra by considering its direct product with a semigroup S (2.9),
The generators of the expanded Lie algebra will satisfy commutation relations similar to (2.12), but invariant bilinear form in this case reads
As an example, we can consider an expansion with the semigroup S
(1) M (4.2). In this case, we will consider the same definition (6.13) for the expanded generators, but we will dualize the spatial translation generators, i.e.
This leads to the pseudo-Newton-Hooke symmetry [44] [G a ,
(6.14)
In the same way, an expansion with the semigroup S
E will lead to the pseudo-Bargmann algebra, which also follows from (6.14) in the limit ℓ → ∞. It is also possible to define a pseudo-Maxwellian-Exotic Bargmann algebra, as well as pseudo-Newton-Hooke ⊕ñw, by considering the semigroups S 
Conclusion
In this paper, we have shown how to obtain various non-relativistic symmetries in 2+1 dimensions as expansions of the Nappi-Witten algebra. The expansion method based on Abelian semigroups is used to construct the invariant bilinear form and the Chern-Simons action locally invariant under the each expanded algebra.
When expanding the Nappi-Witten algebra with the semigroup S (n) E , we obtain a family of non-relativistic algebras of Bargmann type. We have worked out explicitly the simplest examples. The n = 1 case leads to the extended Bargmann algebra in 2+1 dimensions. The invariant form obtained from the Nappi-Witten metric leads to the one obtained in [23] with c 5 =0, and the corresponding extended Bargmann gravity is reproduced from the expanded Nappi-Witten Chern-Simons action. In the n = 2 case, we obtained the Maxwellian Exotic Bargmann algebra, which was first constructed in [24] as an Inönü-Wigner contraction of the direct sum of the Maxwell algebra in 2+1 dimensions and three u(1) generators. Furthermore, a different redefinition of the expanded generators leads to an extended non-relativistic version of the Hietharinta algebra in 2+1 dimensions [50] . In both cases, the corresponding nonrelativistic gravity theory is obtained from the Nappi-Witten Chern-Simons theory through the expansion method.
Another family of non-relativist symmetries is obtained when considering the semigroup S (n) M . In this case, the expanded algebras are of the Newton-Hooke type. In fact, the simplest case n = 1 was shown to yield the extended Newton-Hooke symmetry and the corresponding Chern-Simons gravity theory described in [23] (with c 5 = c 2 ). For n = 2 we find a nonrelativistic version of the semi-simple extension of the Poincaré algebra introduced in [38, 39] . Following [24] this algebra can be understood as a Maxwellian Exotic Newton-Hooke symmetry.
For n > 2 these two families of expanded Nappi-Witten algebras define central extensions of the Generalized Galilean symmetries presented in [31] in the case of three-space time dimensions, and define non-relativistic limits of the generalized Poincaré and generalized AdS algebras [32, 33] .
Another interesting non-relativistic symmetry that we obtain as an expansion is the Carroll algebra. Even though it does not belong to any of the families of non-relativistic algebras that we presented before, it can be obtained as an expansion of the Nappi-Witten using a particular non-conventional semigroup. The bilinear form of the Nappi-Witten algebra can be used to define a Carroll invariant Chern-Simons gravity theory, which generalize the ones found in [60, 62] by including exotic terms.
Subsequently, we considered a different version of the Nappi-Witten algebra given by the central extension of the Poincaré algebra in 1+1 dimensions [42, 43] . This symmetry is a double extension of the translation algebra endowed with the Minkowski metric and upon expansion, leads to two different kinds of relativistic symmetries that generalize the pseudoGalilei and pseudo-Newton-Hooke algebras introduced in [44] in the context of the AdS/CFT correspondence.
A very appealing future direction is to explore the possibility of obtaining non-relativistic super algebras in 2+1 dimensions from a supersymmetric extension of the Nappi-Witten algebra. In this case, the expansion mechanism would allow one to construct the bilinear invariant form and the Chern-Simons action associated to generalized super Bargmann and generalized super Newton-Hooke algebras in a straightforward way, leading to novel non-relativistic supergravity theories in 2+1 dimensions.
The Nappi-Witten algebra was used in [36] to construct a WZW model based on a nonsemi-simple group , leading to backgrounds for string theory that include plane waves (see also [63] ). Along the same lines, it would be interesting to explore WZW models associated with expansions of the Nappi-Witten symmetry here presented, as well as the background metrics they can provide.
